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Abstract
Semiconductor quantum dots (QDs) have been gaining much attention because
of their outstanding properties for multiple-photon microscopy applications.
By solving nonperturbatively the time-dependent Schrödinger equation, it has
been shown that the large number of energy states densely compacted in
both the conduction and valence bands of the QD greatly enhance the inter-
band and intra-band optical couplings between two energy states induced by
multiple photons from ultra-fast and ultra-intense lasers. The multiphoton
absorption processes are further enhanced by many energy relaxation processes
in commonly used semiconductors, which are generally represented by the
relaxation energy in the order of tens of meV. Numerical calculation of
multiphoton processes in QDs agrees with experimental demonstration. After
proper designing, QDs can be activated by infrared radiation to emit radiation
in the visible optical regime (up-conversion) for bioimaging applications.

1. Introduction

The multiphoton excitation process has a great number of unique advantages over one-
photon excitation in biological and medical studies, such as reduced specimen photodamage
and enhanced penetration depth, localization of excitation, which results in a better
imaging resolution, reduced photobleaching, and the ability to trigger local photochemical
reaction [1–3]. Semiconductor quantum dots (QDs) are highly fluorescent, and have captivated
the interest of the biomedical community as the ultimate tags for cellular imaging, because
of the better photochemical stability, extreme brightness, broad excitation spectral range and
narrow and symmetric emission spectrum, which is independent of excitation frequency [4–6].
A record high two-photon cross section was reported from water-soluble semiconductor
quantum dots [7].

As indicated by Lami et al [8], two-photon absorption has been widely studied in a large
variety of materials under a broad spectrum of physical conditions since its prediction by
Goeppert-Mayer [9] and the first observation by Kaiser and Garret [10]. The multiphoton
process has largely been treated theoretically by steady-state perturbation approaches, e.g.,
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the scaling rules of multiphoton absorption by Wherrett [11] and the analysis of two-photon
excitation spectroscopy of CdSe nanocrystals by Schmidt et al [12].

In multiphoton microscopy, a laser is focused and raster-scanned across the sample.
Focusing alone is not enough to make two-photon microscopy practical. A pulsed laser is
normally used to increase further the probability of optical coupling with the electrons inside
the QD, while still keeping the average power relatively low. The full width at half maximum
of laser pulses used by Blanton et al was 1 ps [13]. It was only 140 fs by Klimov and
McBranch when studying ultrafast dynamics in CdSe nanocrystals [14, 15]. The peak power of
the ultrashort laser pulse can be as high as 30 GW cm−2 [13]. Under the present circumstances,
the steady-state perturbation theory is not valid. In this work we study the dynamic properties
of multiphoton optical processes in semiconductor QDs by solving nonperturbatively the time-
dependent Schrödinger equation.

2. Theoretical considerations

2.1. One-electron Hamiltonian of the quantum dot

We consider the one-electron Hamiltonian of a quantum dot in the form of [16–18]

Hn = − h̄2∇2

2m∗
n

+ Vn(r), Vn(r) =
{

−�n b � 1

0 otherwise
(1)

for conduction-band electrons; m∗
n is the effective mass of the electron. b = (x2 + y2 + z2)/a2,

a is the radius of the quantum dot. �n is the conduction-band offset between the quantum dot
and the surrounding medium. When referring to vacuum,�n = χ , which is the electron affinity
of the material surface. Similar expressions can be written down for the valence-band holes.
Here the conduction-band electrons and valence-band holes are described using the effective
mass approximation (EMA) [16–21]. For wurtzite CdS under the current theoretical analysis,
the energy bandgap is Eg = 2.485 eV, the quantum confinement�c = 4.79 eV for conduction-
band electrons and �v = 2.21 eV for valence-band holes, electron and hole effective masses
are m∗

c = 0.2 m0 and mv = 0.53 m0, respectively, m0 is the electron rest mass, the high-
frequency dielectric constant ε∞ = 5.32, and the energy related to the optical transition matrix
E p = 20.7 eV [17, 21–29]. Figure 1 shows the schematic energy band structure of the CdS
QD under investigation, where Ec0 denotes the ground sublevel (‘0’) in the conduction band
(c) and Ec1 is the first excited sublevel. Ev0 and Ev1 are ground and first excited sublevels in
the valence band.

Advanced theories to account for the fine structures in the energy bands of II–VI
semiconductor nanocrystals have been developed, e.g. the effective bond-orbital model for
valence-band holes [30, 31], the valence-band mixing effect [32], the sp3s∗ semi-empirical
tight-binding theory [24, 25, 33], and the sp3d5 nearest-neighbour tight-binding model [29, 34].
Since the QD of interest consists of 105 atoms, the general principal features of the optical
spectrum are expected to be determined by the geometric structures of the quantum dot; we
apply the EMA theory to describe the electronic and optic properties of the QDs. It was shown
that the ground level energies obtained from equation (1) are very close to the results from the
sp3d5 nearest-neighbour tight-binding model [35].

For conduction-band electrons described by equation (1), the eigenfunctions of
the Schrödinger equation (equation (1)) are expressed in the form of ψ�m(r, θ, φ) =
R�(r)Y�m(θ, φ), where Y ∗

�m(θ, φ) is the angular momentum eigenfunction, and the radial
function is expressed by spherical Bessel and Neumann functions [36]. Figures 2(a) and (b)
show the energy states in a CdS QD having a radius of 3.7 nm. Notice that such a CdS QD has
a total of 319 bound levels (E < 0) in the conduction band. We include a total of 10 000 states
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Figure 1. Schematic energy band structure of the CdS QD embedded in vacuum.
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Figure 2. (a) Confined energy states in a CdS QD having a radius of a = 3.7 nm. (b) Density of
confined states. (c) Energy sublevels as functions of the diameter (2a) of the CdS QD.

in the intraband optical transition calculations, where the continuum states extend to 10.0 eV at
a step of 10 meV and l ∈ (0, 5). It was shown that taking into account only a limited number
of intermediate states gives rise to a numerical problem [37, 38] (see more discussions below
about the gauge invariance). The relationship between the energy sublevels in the CdS QD
and the diameter of the QD is presented in figure 2(c), where we observe that the separation
between the ground sublevels in the conduction and valence bands increases when the QD
diameter decreases. This is one of the important advantages offered by the semiconductor QDs
for multiphoton bioimaging [6].

2.2. Electron–photon interaction

Denoting A as the vector potential of the electromagnetic field, the Hamiltonian describing an
electron with charge −e in this field is

H = (p + eA)2

2m0
− eφ + V (r) (2)
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where p is the electron momentum and φ is the scalar potential of the electromagnetic field.
Consider the kinetic energy

p2

2m0
+ eA ·p

2m0
+ ep ·A

2m0
+ e2A2

2m0
(3)

and the following ratios:∣∣∣∣eA · p

p2

∣∣∣∣ ≈
∣∣∣∣ e2A2

eA ·p

∣∣∣∣ ≈ eA

p
. (4)

Moreover [39, 40]

〈A2〉 = h̄nh̄ω

2εω
(5)

where h̄ω is the photon energy and nh̄ω is the photon density. For an electron kinetic energy of
0.137 eV (the conduction-band ground state measured from the conduction-band edge of CdS),
it is easy to obtain that eA/p = 1.6×10−7 when the optical power of the electromagnetic field
is S = 1.0 W cm−2, where S is the time-averaged amplitude of the Poynting vector representing
the optical power of an electromagnetic field,

S = nh̄ωh̄ωc (6)

c is the speed of light, and the photon energy is 1.82 eV (the corresponding wavelength is
681 nm). Notice that 〈A2〉 is proportional to the optical power so that eA/p = 1.6 × 10−5,
which is still very small when the optical power is increased to 104 W cm−2. Therefore, the
electron energy term containing A2 in equation (3) is very small as compared with the term
linear in A. However, the term containing A2 in equation (3) causes two-photon transitions
between states of opposite parity when going beyond the dipole approximation [41]. Its
contribution to the two-photon absorption was found to be negligible for optical transitions
of silver atoms in NaCl:Ag [42]. For our CdS QD, we re-write the first-order perturbation in
A2 as

eA2

2m0
e2i(q·r−ωt) (7)

where the q is the optical wavevector. The optical wavelength is 681 nm when h̄ω = 1.82 eV
so that the above perturbation is basically constant within the volume of a CdS QD, which
does not induce optical transition between conduction-band and valence-band states. The total
Hamiltonian of the electron in the electromagnetic field is therefore [40, 43]

H (r, t) = H0(r)+ e

m0
A ·p (8)

where H0 is the Hamiltonian of the electron in the unperturbed quantum dot. In obtaining
the last expression we have specified the gauge so that ∇ · A = 0 and φ = 0. In the case
where there is only one electron in the system H0 = Hn, Hn is the one-electron Hamiltonian of
equation (1).

Equation (8) is normally denoted as the velocity formula. It has been extensively studied
that for systems containing nonlocal potential the length formula is the physically correct
one for calculating the transition matrix for electric dipole processes [44, 45]. When using
eigenstates of the unperturbed Hamiltonian as basis states, the results of the velocity formula
become gauge dependent. In particular for two-level systems in the dipole approximation, this
often results in pronounced differences between two formulae [45]. Only when taking a large
number of states into account do both formulae give the same results, as requested by the gauge
invariance [46–48]. We have included a total of 10 000 states in the intraband optical transition
calculations to ensure the necessary gauge invariance.
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By denoting A = Aa, where a is the polarization unit vector of the optical field, A(t) is
given by [49]

A(t) =
⎧⎨
⎩

0 t < 0√
h̄

2ωε


[
b+ei(ωt+q·r) + be−i(ωt+q·r)] t � 0

(9)

b+ and b are creation and annihilation operators of the photon field; 
 is the normalization
space volume. Here t = 0 is the time at which the optical field is switched on. As discussed
earlier, one sets eiq·r = 1.

We denote the wavefunction of the total system composed of electrons and photons as

�(r, t) =
∑

j

C j(t)ψ j (r)u j exp
(−iE j t/h̄

)|Nh̄ω〉 (10)

where |Nh̄ω〉 describes the photon field with Nh̄ω as the number of photons at energy h̄ω
(nh̄ω = Nh̄ω/
).

H0(r)ψ j(r) = E jψ j (r) (11)

describes the unperturbed electron system (again notice that H0 is the Hamiltonian describing
electrons in the QD). u j is the lattice-periodic Bloch function. For conduction-band electrons it
is denoted as uc, and for valence-band holes it is uv. It is easy to obtain the following equation
for the wavefunction coefficient:

ih̄
dC j (t)

dt
= e

m0

√
h̄

2ωε


∑
i

〈ψ j (r)u j |a · p|ψi(r)ui 〉Ci (t)

×
{√

Nh̄ω exp

[
i(E j − Ei − h̄ω)t

h̄

]
+ √

Nh̄ω + 1 exp

[
i(E j − Ei + h̄ω)t

h̄

]}
(12)

by inserting equation (10) into the time-dependent Schrödinger equation. The term headed
by

√
Nh̄ω corresponds to the photon absorption, while the one with

√
Nh̄ω + 1 is the photon

emission.
When the optical power of the external light source is rather high so that it solely

determines Nh̄ω, Nh̄ω ≈ Nh̄ω + 1. In this case, equation (12) becomes

ih̄
dC j (t)

dt
= −ih̄γ j C j (t)+ e

m0ω

√
2S

εc

∑
i

〈ψ j (r)u j |a · p|ψi(r)ui 〉Ci (t)

× exp

[
i(E j − Ei )t

h̄

]
cos (ωt) (13)

by utilizing equation (6) and by considering the constant stream of the incident photons. Here
we have included positive γ s to account phenomenologically for the relaxation of the system
by following [50, 51].

The optical matrix element of interband transitions from the valence-band state to a
conduction-band state is

〈ψ j uc|a ·p|ψi uv〉 = a ·pcv〈ψ j |ψi 〉 = a ·pcvδ� j�i δm j mi

∫ ∞

0
r 2dr R∗

� j
(r)R�i (r) (14)

where pcv = 〈uc|p|uv〉 is the momentum matrix element, E p = p2
cv/2m0.

Between two states within the same band (either the conduction band or the valence band),
referred to as the intraband transition, the optical matrix element is
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Figure 3. Temporal developments of the occupation of the conduction-band ground state |Cc0(t)|2
induced by a CW excitation switched on at t = 0. h̄ω is the photon energy of excitation radiation
and an optical power S = 100 W cm−2.

〈ψ j uc|a ·p|ψi uc〉 = 〈ψ j |a ·p|ψi 〉 = m0a · 〈ψ j |dr

dt
|ψi 〉 = im0

h̄
a · 〈ψ j |[H0, r]|ψi〉

= im0(E j − Ei)

h̄
〈ψ j |a · r|ψi〉 = im0(E j − Ei)

h̄

∫ ∞

0
r 2 dr

×
∫ π

0
sin θ dθ

∫ 2π

0
dφ R∗

� j
(r)Y ∗

� j m j
(θ, φ)a · rR�i (r)Y�i mi (θ, φ). (15)

Writing r = rr0, where r0 is the unit vector, a = axx0 + ayy0 + azz0, and x0, y0 and z0 are
unit vectors along the x-, y- and z-directions, respectively,

a · r0 = ax sin θ cosφ + ay sin θ sinφ + az cosφ

=
√

4π

3

(−ax + iay√
2

Y11 + azY10 + ax + iay√
2

Y11̄

)
(16)

so that the angular integral in equation (15) involves∫ π

0
sin θ dθ

∫ 2π

0
dφ Y ∗

� j m j
(θ, φ)Y1m(θ, φ)Y�i mi (θ, φ) (17)

which can be analytically evaluated by using the addition theorem for spherical harmonics

Y�1m1(θ, φ)Y�2m2(θ, φ) =
�1+�2∑

�=|�1−�2|
C(�,m1 + m2|�1m1; �2m2)Y�,m1+m2(θ, φ). (18)

In the above equation, C(�m|�1m1; �2m2) are the Clebsch–Gordan coefficients, whose
analytical expression can be obtained from [52, 53].

3. Temporal development of photocarrier distribution

Figure 3 shows the occupation of the conduction-band ground state |Cc0(t)|2, where subscript
‘c’ denotes the conduction band and ‘0’ the ground state (refer to figure 1). Here we have
assumed that the confined states in the valence band are initially occupied and a continuous-
wave (CW) excitation radiation is switched on at t = 0. Notice that the energy separation
between the ground states in the conduction and valence bands is 2.67 eV in a spherical CdS
QD having a radius of 3.7 nm.
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Figure 4. Photocarrier distribution in the conduction band after switching on a CW excitation
radiation with a photon energy of 1.5 eV and an optical power of 50 W cm−2. (a), (c), (e) confined
states, (b), (d), (f) continuum states.

(This figure is in colour only in the electronic version)

Figure 4 shows the photogenerated carrier distribution in the conduction-band states, with
a photon energy of h̄ω = 1.5 eV and an optical power of S = 50 W cm−2. The sharp peak
lines in the energy range below zero (confined sublevels) correspond to the occupations of
the conduction sublevels of small � values, largely originated from the ground sublevel in the
valence band (� = 0). The first-stage excitation is from the ground sublevel in the valence
band to sublevels of � = 0 in the conduction band, then the second-stage intraband transitions
occur among sublevels of �� = ±1 within the same conduction band; see figures 4(b), (d),
and (f). The phenomenon is more profound in the continuum band of E > 0 because of the
large density of states. When S is far below the order of GW cm−2, the characteristics of
the temporal developments of figures 3 and 4 are almost independent of the optical excitation
power, while the density increases linearly with the optical excitation power.

It was experimentally demonstrated that fluorescence emission intensities from two-photon
excited molecular fluorophores were proportional to the square of the excitation intensity with
both pulsed and CW excitations [54]. For single-beam two-photon absorption (TPA), the
differential equation describing the intensity of incident radiation along the z axis is given
by [55]

dS

dz
= −αS − βS2 (19)

where α is the linear absorption coefficient and β is the TPA coefficient of the system. The TPA
ability is also described by the TPA cross-section σ2 of an individual molecule in the system,
σ2 = h̄ωβ/N , where N is the number of molecules in the system.
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Figure 5. Occupation of the conduction-band ground state by CW excitation when t = ∞.

By re-formatting equation (13) as

ih̄
dC j

dt
=

∑
si

hs
j i exp [i(E j − Ei − h̄ωs + i� j i)t/h̄]Ci (20)

where the external field is written as
∑

s hse−iωs t , the steady-state solution up to the second
order has the form of C j (t) = C (0)

j + C (1)
j (t)+ C (2)

j (t). Here h̄γ j i = � j i . For t → ∞,

C (1)
j (∞) =

∑
sk

hs
jkC (0)

k

E j − Ek − h̄ωs + i� jk

C (2)
j (∞) =

∑
sitk

(
1

E j − Ei − h̄ωs + i� j i
− 1

E j − Ek − h̄ωs − h̄ωt + i� jk

)

× hs
ji h

t
ikC (0)

k

Ei − Ek − h̄ωs + i�ik
.

(21)

For single-beam excitation, s = t in C (2)
j so that equation (19) is retrieved when the � s

are negligibly small since the absorption coefficient is proportional to |C j(∞)|2 and h ∝ √
S,

see equation (13). Optical spectra of molecules are characterized by sharp lines, while for the
CdS QDs having radii of 3.7 nm under investigation, as well as many other semiconductor
nanosystems of interest, the full width at half maximum of the photoluminescence peak is of
the order of tens of meV [6]. In this case, C (2)

j is insignificant and C j is always dominated by

C (1)
j unless the optical excitation power is very strong. Moreover, C (2)

j is observable normally

only when C (1)
j is zero, i.e., hs

jk = 0 while hs
ji �= 0 and hs

ik �= 0. For CdS QDs, E p is finite for
the inter-band transitions so that C (1) always dominates for optical transition between ground
states of the conduction and valence bands. This is believed to be the major reason why the
multiphoton processes in semiconductor QDs are so effective.

Figure 5 shows the occupation of the conduction-band ground state as a function of the
photon energy. The quantum selection rules of optical transitions (section 2.2) are critical
in determining the optical properties of molecules where separations between energy levels
are large. It becomes much relaxed in semiconductor nanoscale QDs because of the small
separation between energy levels, especially in the valence band (see figure 2). It is also
due to the finite E p for the inter-band transitions so that C (1) always dominates for optical
transition between ground states of the conduction and valence bands. In addition, γ in
equation (13) is normally large in a semiconductor system because of the large number of
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energy relaxation processes as compared with the small molecules. We thus observe only about
one order of magnitude difference in the one-photon and two-photon excitation in figure 5 when
� = 80 meV, which is typical for II–V semiconductors.

The multiphoton excitation spectral range is very broad. From about 1.0 to 2.5 eV
(i.e., the two-photon excitation range before the one-photon resonance peak), the calculated
|Cc0|2 is much larger than |Cc1|2 so that the emission spectrum is expected to be dominated
by the recombination of the ground-state exciton, which will be narrow and symmetric, and
independent of excitation frequency because of the broad excitation spectral range. It was
shown that the power of spontaneous emission [35]

Pemission = μ0e2ω2
n0 E p

6m0c
|Cc0|2 (22)

due to the recombination of the electron occupying Ec0. For an optical excitation of
100 W cm−2, |Cc0|2 = 3.6 × 10−11 when the excitation photon energy is 1.33 eV. |Cc0|2 =
2.5 × 10−9 when h̄ω = 2.65 eV. The corresponding output emission powers are therefore
1.0 × 10−21 and 2.75 × 10−19 W, respectively, for two-photon and one-photon excitations.

We now discuss the relevant experiment of Robinson and Goldberg [56], where III–V
semiconductor QDs, having a dot density of about 200 dotsμm−2 with a diameter of 18–20 nm,
were fabricated. Near-field scanning optical microscopy, where the near-field tip has a diameter
of 150 nm, was used to excite a very small ensemble of QDs. For about 1 μW excitation
power, about 1.4 × 103 W cm−2, the luminescence intensity at 1.889 eV is about 35 counts s−1

in a cross-section of 0.2 × 0.2 μm2, where there are about eight QDs. This gives us an
average emission power of 1.3 × 10−18 W per QD. Notice the fact that the photoluminescence
experiments of Robinson and Goldberg use a higher optical excitation (higher than 1.995 eV)
than the emission photon energies from quantum dots (from 1.8 to 1.925 eV), which is therefore
classified a one-photon excitation.

When a linear relationship between the excitation and emission powers is assumed for
semiconductor QDs, an emission power of 3.85 × 10−18 W is expected at a one-photon
excitation of 1.4 × 103 W cm−2, which is about three times larger than the III–V QDs of
Robinson and Goldberg [56]. In addition, the relaxation energy in III–V material is normally
only tens of meV so that a further enhanced emission power is expected.

Figure 5 clearly shows the need of pulsed lasers for effective multiphoton processes, where
the occupation of the conduction-band states is very low at normal laser excitation, and the one-
photon excitation is about two orders of magnitude higher than the two-photon excitation at the
steady state (t = ∞). In the ultra-short period where an optical excitation is switched on at
t = 0, situations become very different. Even when the excitation is weak, the two-photon
process has the same order of magnitude as the one-photon excitation (figure 2). We model an
ultrashort pulse from a mode-locked laser by a sech2 function in the form of S0 sech2[(t−t0)/δ],
S0 = 10 GW cm−2, t0 = 500 and δt = 50 fs. Figure 6 shows the significant occupation of
the conduction-band ground state when the QD is two-photon optically excited and a strong
emission from the QDs is thereafter expected. As a comparison, the photocarrier in the ground-
state is getting to be saturated when one-photon excitation (h̄ω = 2.6 eV) is applied using the
same laser pulse.

4. Summary

While the great majority of multiphoton studies are carried out with molecular chromophores,
one has increasingly become aware of the intriguing possibilities offered by semiconductor
quantum dots for multiphoton bioimaging owing to their outstanding properties. However,
although some experimental studies have indeed been carried out, the study of design principles
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as well as basic theory for their properties has been very limited. With this paper, multiphoton
optical processes in semiconductor quantum dots (QDs) excited by ultra-fast (fs) and ultra-
intense (GW cm−2) lasers have been studied by solving the time-dependent Schrödinger
equation nonperturbatively. This corresponds to a situation where conventional steady-state
perturbation theory completely fails. It has been found that experimentally observed strong
multiphoton excitations can be reproduced only when optical transitions among all confined
states in the QD and an additional few hundred extended states in the barrier are taken into
account in the numerical studies. Model calculations for a CdS QD of 3.7 nm in radius
show that significant occupation of the conduction-band ground state can be excited by a
100 fs pulsed laser with a 10 GW cm−2 peak optical power and that the excitation rate is
almost constant in the fundamental photon wavelength range from 1300 to 560 nm, which is a
favourable region for bioimaging. With a working theory at hand, we are now in the position
to explore design principles for QDs with optimum multiphoton excitation. We believe that
our contribution will have a great impact on the biological community, and that it will be
followed by many specific investigations aiming at optimal laser/quantum dot design for various
measurement circumstances.
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